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INTRODUCTION. 

Let G be a countable discrete group and — its automorphism. Consider the following 

equivalence relation on the group G. 

Definition. Two elements x, x' G G are said to be (p-conjugate or twisted- conjugate, 

if there exists an element g E G such, that x' = gx(l){g~^). The set of elements being 0- 

conjugate to an element x, is called the (p-conjugacy class or twisted conjugacy class class of 
^ I the element x and is denoted by {x}^. 
O ■ It is easy to see that if is the identity mapping, then the 0-conjugacy classes are the 

^ I usual conjugacy classes of the group G. 

^ ■ We are interested in the number of 0-conjugacy classes, which the group G is partitioned 

^ , in. It is called the Reidemeister number of the automorphism and is denoted by -R(0). 

For different groups and their automorphisms this number can be both finite and infinite. 

For example, it was shown in [1] that the Reidemeister number of any automorphism of a 

Gromov hyperbolic group is infinite, and in this paper for the discrete Heisenberg group we 
P^ \ construct automorphisms having any preassigned even Reidemeister number. Other results 
O concerning Reidemeister numbers may be found in [2-4]. 

^ . Consider the set Gf of unitary equivalence classes of finite-dimensional irreducible unitary 

c^ . representations of the group G. Each automorphism generates the mapping 0/ : Gj —>■ Gf, 
given by the formula p i— »• p o 0. 

Let 5'/(0) be the number of fixed points of the mapping 0/. In [5], the class RP of groups 
was defined, for which this number is equal to -R(0) providing the latter number is finite. 
This statement is a generalization of the classic Burnside theorem [6] stating that for a 
^' I finite group the number of irreducible representations classes coincides with the number of 
00 ■ conjugacy classes of the group. Indeed, let a group G be finite, and be the identity mapping. 
O I Then all representations of the group are unitary, finite-dimensional, and they remain fixed 
^ I under the mapping 0/, and -R(0) is the number of usual conjugacy classes. At last, the class 
^Q ■ RP contains, in particular, all finite groups (see [5]). 

Q ! In former papers [7] and [8] a twisted Burnside type theorem was proved for groups of 

^ I type I and for two-step torsion-free nilpotent groups, respectively. In [9], it was shown that 
•'-j ■ consideration of only finite-dimensional representations is essential. 

rN I It is known that all finite, all Abelian, and all almost polycyclic groups belong to the 

cj ■ class RP (see [5]). But for now there is no simple criterion for a group to belong to this class. 
Therefore, it is reasonable to look for new examples of groups from the class RP (or, simply, 
RP-groups). In Section 3 of this paper the RP-property is proved for wreath products of 
finitely generated Abelian groups with the group of integers. Such wreath products become 
the first known example of finitely generated RP-groups being not almost polycyclic. 

In the first part of the paper (Sections 1 and 2), the discrete Heisenberg group is 
considered. It is shown that for this group all even numbers can be realized as Reidemeister 
numbers and also fixed representations are found explicitly for a specific automorphism with 
the Reidemeister number -R(0) = 2. 
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1. AN INFINITE SEQUENCE OF DISCRETE HEISENBERG GROUP 

AUTOMORPHISMS 

By H we denote the discrete Heisenberg group, which is defined as the following semidirect 
product: 

Thus, this group consists of triplets ((m, k), s) of integers with the following multiplication 
law: 

((m, k), s) * ((m', k'), s') = ((m, k) + a^{m' , k')) = ((m + m', k + k' + sm'), s + s'); 

In particular, ((m, /c), 0) * ((0, 0), s) = ((m, /c), s). The inverse element may be found by the 
formula ((m, A;), s)~^ = ((— m, sm — k), —s). 

The group H can be also considered as the group of integer 3 x 3-matrices of the form 

'1 s k' 
1m 
,0 1 

with respect to matrix multiplication. The group H has three generators 

a=((l,0),0); 6 = ((0,1),0); c=((0,0),l) 

and is defined by the relations [a,b] = e; [b,c] = e; [c,a] = b, where [■, ■] stands for the 
commutator, and e = ((0, 0), 0) is the unit of the group. 

Lemma 1. For each N E N there exists an automorphism of the group H such that 
i?(0) = 2N. 

Proof Let A^ G N be a given integer. Consider the following automorphism: 

/ TfiiTfi — 1 I sis — 1 I \ 

0((m, k),s)= { {mil -N) + sN, -k + — ^(1 - A^) - ^ ^A^ + msN) ,m-sj. 

To check that this mapping defines an automorphism, one can either verify directly that it 
is a bijective endomorphism or use the description of all Heisenberg group automorphisms 
given in [8]. 
Denote 

0„(,„. ,) = !!l(!!izi) (1 _ A,) + fli^AT + ,„,iv. 

Then 

0((m, k),s) = ((m(l - N) + sN, -k + Qo{m, s)),m- s). 

Describe the 0- conjugacy class of an arbitrary element h = ((m, k), s) of the group H. 
Let g = {{gi, 5-2), fl-s)- Then g'^ = {{-gi, gigs - 5-2), -93) and 

0(^"^) = ((-^1(1-^) - ^sA^, ^2-^1^3 + Qo(-^i, -^3)), ^3-^1) • 
Assuming -gigs + Qoi-gi, -gs) =■ Qi{9i,9z), we have 

gh(p{g'^) = iigi,g2),g3) ■ iim,k),s) ■ {{-gi{l- N) - gsN, g2 + Qiigi, gs)), gs - gi) = 
= iigi + m,g2 + k + gsm),gs + s) ■ {{-giil - N) - gsN, g2 + Qiigi, gs)), gs - gi) = 
= {{gi +m- gi+ giN - gsN, 2g2 + k + Q2igi, gs, s, m)),s + 2gs - gi) = 

= ((m + (gi - gs)N,k + 2g2 + Q2igi,g3,s,m)),s + 2gs- gi), 



where Q2{gi,g3,s,m) = g?.m + Qi{gi, g^) - gsgi^l - N) - sgi{l - N) - g^N - sg^N. 
Thus, the 0-conjugacy class of the element h = ((m, k), s) has the form 

h^ ={gH{g-^) \heH} = 

={((m + {gi - g3)N,k + 2g2 + Q2igi,g3,s,m)),s + 2g3- gi) \ gi, g2, g-i G Z}. 

This class is parameterized by a triplet gi,g2,g3 of integers. Perform the following repara- 
meterization: 

gi - fi'3 =: /i; 5'2 =: /2; '^gs - gi =■ fs- 

This reparametrization is valid because its determinant equals —1, and we have 

{{{m,k),s)}^ = {{{m + f,N,k + 2f2 + Q3{fuf3,s,m)),s + fs) | /i, /s, /s G Z}. 

The latter implies that if m-components of two group elements do not coincide modulo 
A^, then these elements are not equivalent (i.e., not 0-conjugate). Assume 



Hr = {{{rn, k), s) I m = r(modA^)}; r = 0, . . . , A^ — 1. 

Then two elements from distinct sets H^ can never be equivalent to each other. It is also 
evident that these sets form a partition of H. 

Fix r and consider equivalence classes of the elements ((r, 0),0) and ((r, 1),0). 

{((r,0),0)}^ = {((r + /iiV,2/2 + g3(/i,/3,r,0)),/3) | /i, /a, /a G Z}; 
{((r,l),0)}^ = {((r + /iiV,2/2 + l + Q3(/i,/3,r,0)),/3) \f1J2J3eZ}. 

Now take an arbitrary element ((mo, ko), sq), mo = r(modA^) of the set Hr and show that 
it belongs to one of these two classes. 

Indeed, one can choose /i and fs in ([T]) so that r + fiN = mo, /s = sq- Thereby, the 
value Qsifi, fs, r, 0) is fixed. Depending on the parity of this value, one can choose element 
/a so that either 2/2 + Qsifi, h, r, 0) = /co, or 2/2 + Qaifi, /s, r, 0) = ko + 1. In the first case 
((mo, fco). So) ~ ((r, 0), 0) and in the second case ((mo, ko), Sq) ~ ((r, 1), 0). 

Thus, the group H is partitioned into A^ subsets Hr such that elements from different 
subsets are not equivalent and each Hr is partitioned into exactly two equivalence classes. 
Therefore, R{4>) = 2N and we are done. 



2. DETERMINATION OF FIXED REPRESENTATIONS 

Describe finite-dimensional irreducible unitary representations of the discrete Heisenberg 
group if = Z^ X Z, using the technique of induced representations. Afterwards, we find fixed 
representations for a specific automorphism with the Reidemeister number 2. 

The dual object for 1? is the torus T^ = R^/Z^. A pair x = {^jV) G T^ corresponds 
to the character {m,k) i— > e'^M™-(+kv) _ 'jj^jg torus is a right if-space with respect to the 
action xh{rn, k) = x{h* ((m, k), 0) *h^^). The action for ((m, k), s) is defined by the formula 
{^,v)^i^,v){l'i) = {^ + sr],r]). 

In accordance with the Mackey theorem [10], each irreducible representation p of the 
group H has the form Ind(if, Y, P), where Y is the stabilizer of some point x G A^, and the 
restriction of P onto A^ is scalar and, moreover, is a multiple of the character x- Conversely, 



due to [11, p. 159, Theorem 5], if /? is an irreducible representation of Y, whose restriction 
onto iV is a multiple of a character, then lnd{H, Y, [3) is irreducible. Finally, the theorem 
from [12, p. 155] implies that each orbit O is homeomorphic to the quotient of H over the 
stabilizer of any point from the orbit. 

Describe the finite-dimensional irreducible unitary representations of the discrete Heisen- 
berg group H. Due to aforesaid, each such a representation is induced from the stabilizer of 
some point x = (C^ ^) ^ T^i whose orbit O^ is finite. Let the orbit of some point x consist of 
p points. Then the stabilizer of the point x is the subgroup 

Y = {((m, k),ps) \m,k,s eZ} = Z'^ >i (pZ). 

In accordance with [11, p. 158, Lemma 3], the multiplication by the character correspon- 
ding to X, is a bijection between the sets of irreducible unitary representations of the groups 
pZ and r = Z2 X (pZ). 

Therefore, any p-dimensional irreducible unitary representation of the group H (p < oo) 
can be obtained by means of the following algorithm: 1) choose a point x = i^yV) ^ "^"^i 
having the orbit of cardinality p; 2) choose an irreducible representation of the subgroup 
pZ = {((0,0), ps) I s G Z}; 3) multiply this representation by the character x and obtain a 
representation (3 of the corresponding subgroup Y; 4) form the representation p of the group 
H, induced by p. 

Choose an arbitrary number a G [0, 1) and hence an arbitrary irreducible representation 
n of the subgroup (pZ) : 

7r((0,0),p.) = e2-^^^ 

Multiplying by the character x = (^?^) we obtain a representation P of the subgroup Y: 

p{{m, k),ps) = x(m, k)e^'''"' = e2-^('"€+^''+^") . 

Now we have to form the representation p of the group H, induced by the representation (3. 
To do that, produce a realization of an induced representation in the space of L^-functions 
on the homogeneous space X = Y\H (see [10]) in the case of a discrete group. 

Let if be a discrete group, Y be its subgroup, /9 be a unitary representation of F in a 
Hilbert space V, X = Y\H be the corresponding right homogeneous space. Fix a mapping 
s: X ^ G, possessing the property s{Hg) G Hg. Then the induced representation p is given 
in the space L'^{X, V) by the formula 

[p{h)f]{x) = A{h,x)f{xh), where the operator-valued function A{h,x) is given by the 
equality A{h,x) = P{y), where the element y E Y is defined by the relation s{x)h = ys{xh). 

In our case the space of the representation P is one-dimensional and hence A{h,x) is a 
complex-valued function. Note that F((m, k), s) = Y{{0, 0), s mod p), and, therefore, 

Y\H = {Y{{0,0),0), r((0,0),l), ..., F((0,0),p-l)}=:{xo,Xi,...,Xp_i}. 

Choose the mapping s : X ^ G hj assuming s: Y{{m, k), s) i — > ((0, 0), s mod p). 

Now we have to determine an element y E Y using the relation s{x)h = ys{xh) and 
starting from given elements a; G X = Y\H and h E H. Let h = ((m, k), s), x = Y{{0, 0), j). 
Then s{x) = ((0,0), j) and 

s{x)h= {{0,0), j){{m,k),s) = {{m,k + jm), s + j); 

s{xh) = s{Y{{0,0),j){{m,k),s)) = s{Y{m,k + jm),s + j) = ((0,0), (s + j) modp). 



Suppose the element y looked for has the form y = {{yk,ym),ys)- In this case we have 

ys{xh) = {{yk,ym),ys)iiO,0),{s + j) modp) = {{ym,yk),ys + (s + j) modp). 

Therefore, 

y„, = m, yk = k + jm, y^ = s + j - {s + j) mod p. 

Assuming [l]p -.= 1 — 1 mod p, we have y = ((m, k + jm), [s + j]p) and 

A{h, x) = I3{y) = /3((m, k + jm), [s + j]p) = e^-^i--Mk+3m)r,+ ^-^) ^ 

^ 2TTi{:mii+{k+jrn)n+[^]) 

where [r] denotes the integer part of r. 

At last, the induced representation of p in the space L'^{X) = L^{{xo,xi, . . . ,Xp-i}) is 
given by the formula 

[p{h)f]{x) = A{h,x)f{xh) = e2-^(™«+('=+^'")^+['^l)/(a;/i); 

[piim, k), s)f]ix,) = e^-^('"«+('=+^-"^)^''+[^]V(:^0-+.) mod,); 3 = O;^^. 

In the space L'^{X) = L^{{xo,Xi, . . . ,Xp_i}) = C^ choose an orthonormal basis eo,ei, . . . , 
ep_i, where e^ is the indicator function of the point Xj E X. In this basis our representation 
is given by the formula 

Thus, all p-dimensional irreducible unitary representations of the group H have the form ^ 
for some numbers ^,ri,a E [0, 1), such that the orbit x = (^) ^7) ^ T^ consists of p points. The 
action of ((m, k), s) on T^ is given by the formula (^, ^) i— > (^ + sr], rj). Therefore, the orbit of 
this action has cardinality p if and only if 7] is an irreducible fraction with the denominator 
p. Thus, the following statement is proved. 

Lemma 2. All p-dimensional irreducible unitary representations of the discrete Heisen- 
berg group H have the form^, where ej are the elements of an orthonormal basis of the 
p-dimensional space, C,,ri,a E [0, 1), and rj is an irreducible fraction of denominator p. 

Find the character Xp of the representation ((2l). The matrix of the operator p((m, k), s) 
is diagonal for s = mod p and for other s its diagonal entries are zero. Therefore, if s is 
not divisible by p, then we have Xp((^, k), s) = 0. Thus, 

p-i ^ . 

Xp{{m,k),s) = (5°j„„d Vexp(27ri(m^ + /i;?7+jmr7+ [ ]«)). 

j=0 ^ 



For s divisible by p and j E 0,p—l the relation [^^] = - is valid. Further, taking the 
multiples which do not contain j outside of the summation, we get 



p-i 
Xp{{m, k),s) = 5°j^odpexp (27ri(m^ + kr] + -a))^e 

P j=0 



c ^ , 



The resulting sum is the sum of the first p terms of a geometric series. Note that e^'^^"^'^ = 1 
if and only if mr] G Z, i.e., iff m = mod p. Therefore, 

^ ' p, if m = mod p; 



j—Q I cxp{2TTimr]) — l 



6 '" \ cxp(2iTimrip) — l -r —Lr\ i 

—^ '-^ — it m ^ mod p. 



But r]p G Z. Hence exp(2nimrip) — 1 = 0. As a result, we get 

""p . g m(m^+ v+pO!) ^ jf g = Q niod p and m = mod p; 



Xp{{m,k),s) . 

'0 otherwise. 

Consider the following automorphism (p of the group H: 

,// ,\ \ // , m(m - 1) . \ 

(pyyTn, k),s) = {[s-\-m, —k H h smj ,mj. 

By reasoning similar to those used in the proof of Lemma 1, it is not difficult to see that 
R{(f>) = 2. Calculate the character of the representation p0: 

fYiyffi — 1 ) 

p(f){{m, k), s)ej = p{{s + m, —k H h sm),m)ej = 

^ .,, ,, , , m(m — 1) . . m + j 

= exp 27ri{{s + m)^ + [-k H V sm + js + jm)r] + [ Ja)e(j-m) modp- 

z p 

As in the previous calculations, the character Xp<t> vanishes on the elements which have 
m ^ mod p. Then we use the fact that [^^iii] = — , if m = modp and j G I, p. We have: 

Xp^((m, k),s) = < ^„,^ exp 2m{{s + m)i + {-k + !!^i!!L^ + sm)r^ + -a) ^ e'^'^'^'^^'^^ 

and 

,2^i(s+m),yj ^ /P, if(s + "^)^ € Z, i.e. if (s + m) = mod p, 
_0, if(s + m)?7^Z. 



j=0 

So, 



// 7\ \ I p ■ e ^^ '^ ^ ^ 'I p ' it s and m = U mod p, 

0, otherwise. 

Let us find finite-dimensional fixed points of the mapping 0. The trivial one-dimensional 
representation is one of them. To find another one, write down the condition for characters 
coinciding for the representations and p0: 

2ni((s+m)£+(-k+ "^'-"l''^'> +sm)ri+^a) 2ni(mf+kri+^a) _ n J 

g U -r j^^y -r ^ -r I 1^ p > = q \ ^-r I^ p ' J^l5i S , ITl = \) VHOQ. P . 

Assume p = 2, i.e., we look for a fixed representation among two-dimensional ones. Tor;],a 

„ _ 1 ^^^ g27ni((s+?n)g+|(-A:+ '"''^~^^ +5m)+Sa) _ ^2m{mi, + \k+^a) ^^^ qyqh $ TTl. 
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Assuming s =: 2t,m =: 2g, we obtain: e2^'«2t+2g)c+|(-fc+g(2g-i)+4tg)+ga) ^ ^2ni{2q^+^k+ta) 
for any t,q E Z. This condition is equivalent to 

((2t + 2g)^ + ^(-fc + g(2g - 1) + 4tg) + ga) - (2g^ + -k + ta) eZ f^jin jno6bix t,qeZ. 

Collecting terms and throwing out the terms g^, 2tq, —k, which are certainly integer, we get 
the following equivalent condition: 

q 
2t^ — - + qa — ta E Z ji^jisi jiioSmx t,q E Z, or 

t{2^-a) + qia-^)EZ,yt,qeZ. 

Evidently, this condition holds for a = |,^ = ;|. 

Thus, the second fixed representation is two-dimensional and it is given by formula ([2]) 
with a = i,C = i,r7 = i, i.e. 

P2{{m, k),s): ej ^ e2^^(T+^^+|[^])e(^_,) ^„d 2; j = 0, 1. 
where ei, €2 -is an orthonormal basis of the two-dimensional space. 



3. WREATH PRODUCTS OF ABELIAN GROUPS AND Z 

Construct a class of groups which are finitely generated, possess the RP property, but are not 
almost polycyclic. Namely, we prove that for an arbitrary finitely generated Abelian group 
A, the wreath product A I Z possesses the RP property. 

To do this, we show that some subgroup A C Al Z is characteristic (i.e., it is invariant 
under all automorphisms of the groupA^Z), and then apply Theorem 3.10 from [5]. At last, 
we show that any such wreath product is not an almost polycyclic group. 

Let two groups A and B be given. The wreath product of these groups is defined as the 
following semidirect product: 



AlB:= [0A;] x5 
\ ieB J 



where each subgroup Ai is isomorphic to A and the action of 5 on Ai is given by the 
formula b ■ Ai = A^. 

Recall that, as for any semidirect product, the action of an element 6 G -B on the 
semidirect multiple ^ Ai coincides with the inner automorphism of the product Al B = 
(0 Ai) X B, given by h. 

In what follows, by A we always denote a finitely generated Abelian group and B coincides 
with the group of integers. By A we denote the sum 0jg2 Ai from the definition of a wreath 
product. 

It is not difficult to see that the group G = AlZ \s generated by generators of the groups 
A and Z. Therefore, G is finitely generated. 

Derive the statement concerning the characteristic property of the subgroup A in the 
particular case when A is a free Abelian group. Thus, let A = Z^ . We naturally identify the 



Abelian group A = (0j£2 ^j) with the group Z[x, x ^] of Laurent polynomials with respect 
to addition. Namely, a given sequence 

...0,(ar',... «).■■■(«?",... «K),0... 

of elements from Z'^ can be considered (omitting the parenthesis) as a sequence of integers 
identified with coefficients of the corresponding Laurent polynomial P{x): 

P{x) = ai^'^x'"' + aS^^x^^+i + ■ ■ ■ + ol"fJx^'=+(^-i). 

For example, ii A = Z^, and a = (ai)jez £ A has a_i = (3, —1); oq = (5, 7), and all 
others a^-s are zero, then a corresponds to the polynomial 3x^^ — x^^ + 5 + 7x. 

Thus, an arbitrary element of the group G = Z^^Z = ^xiZ may be written down in 
the form {P{x),n), where P{x) G .4. is a Laurent polynomial and, a n is an integer. 

From the definition of the wreath product, it is clear that the action of the unit (the 
generator of Z) on ©jg^^j is the multiplication of the polynomial by x''. 

Therefore, the group multiplication is given by the formula 

{P{x),r){Q{x), s) = {P{x) + x'''Q{x),r + s), 

and the inverse element is given by the formula {P{x),r)^^ = {—x^''^P{x), —r). 
Consider the following set of mappings e^ : ^ ^ Z; j = 0,k — 1; 



n=j (k) 



Lemma 3. The quotient group of G = Z'^ IZ over its commutant is isomorphic to Z}^^ , 
and the canonical projection is given by the formula p{P{x) , r) = (eo(-P(a;)), . . . , ek-i{P{x)),r). 
Proof. First, notice that the commutant of G lies inside of ^ = ^^^^Ai, as the quotient 
G/A = Z is Abelian. 

Calculate explicitly the commutator of two arbitrary elements of the group 

[{P{x),r), {Q{x), s)] = ((1 - x'^)Pix) + {x'^ - l)Q{x), 0). 

It is not difficult to see that ej((l — x^^)P{x) + {x^^ — l)Q[x)) = 0, for any j because the 
multiplication of the polynomial by a /c-multiple degree of x does not change the values of 
ej. Hence, the commutant contains only polynomials such that ej are equal to zero on them. 
Moreover, the commutant contains all such polynomials. Indeed, taking P{x) = x"',r = 
0,Q{x) = 0, we easily obtain that G' contains all polynomials of the form x" — x""*"^, and 
any polynomial with zero ej - s can be represented as an integer combination of the latter 
polynomials. 

Thus, G' = {{P{x),0) I P{x) e Z[x],eo{P) = 0, . . . ,ek-i{P) = 0} which easily implies 
the assertion of the Lemma. 

Lemma 4. The subgroup A = ^■^^{Z'^) is characteristic in Z} \ Z. 

Proof Consider the following generators system of the group 71} \ Z: 

Co = (1,0), ai = (x, 0), ... , afe_i = (x'^"^, 0) — the generators of Z'^; 6 = (0, 1). 



Let be an automorphism of G and 0(aj) = {Pi{x), Si),i = 0,k — l; (pip) = {Q{x),r). 
It is sufficient to show that Sj = 0,i = 0,k — l. Indeed, each element of ^ is a finite 



product of elements of the form a = b^ ■ a ■ b *, 



,"0 



■al'Li , and if all Sj 



0, then 



0(a) = (0(6))*0(a)0(6)-* = (*,rt)(*,0)(*, -rt) = (*,0) G A. 

Note that the automorphism induces the automorphism of the quotient G/G' = Z^©Z, 
having the following matrix: 



/ eo(Po) 



n 



efc-i(Po) 
So 



eo(Pi) 
ei(A) 

Si 



eo(i^fc-i) 
ei(Pfc-i) 

efe-il-Pfe-i) 

Sfe-l 



eo(Q) \ 
ei(Q) 



efc-i(Q) 
r 



The generators aj lie in an Abelian subgroup and hence commute. Therefore, their 
images also commute and hence 0(aj)0(aj) = 0(aj)0(aj), which implies 

{Pi{x) + x'^'^Pjix), Si + Sj) = {Pj{x) + x''''Pi{x), Si + Sj) 



J/' 



P,(x)(l-x'=^0 = ^:,(^)(l-a:'^');(3) 



So if Sj = then either Sj = or Pj{x) = 0. But the latter is impossible because the element 
0(aj) = (Pj(x), Sj) cannot be equal to the group unit. Hence, Sj = implies Si = 0. Due to 
the arbitrariness of i, j the latter implication means that either all numbers Sj are equal to 
zero or none of them is equal to zero. In the first case the proof is completed. Prove that the 
second case cannot be valid. 

Assume that Si ^ 0, for all %. In this case we can divide the polynomial equality (3) by 
(1 — x^). Dividing and applying efc_i to both parts of the equality, we get 



Pi{x){\\ X^ \ . . . \ X 



k{sj — l)\ 



Pj{x){l +x'' + ... + x 



k{si-l)\ 



ek-i{Pi) ■ Sj = tk-i{Pj) ■ Si] (4) 

Similar to the above reasoning a^ and baib~^ lie in an Abelian subgroup, hence their 
images commute. We have 



n,b-') = {Q{x),r) ■ (P.(x),s,) ■ [-x-'^-Q{x),-r) = {{I - x'''^)Q{x) + x"' P^{x),s,). 

The commutation condition 0(ai) ■ (pipaib'^) = (f){baib~^)(f>{ai) may be evidently transformed 
to the following form: 



kr\ 



P,ix){l-x'-'^){l-x''-)=Q{x){l 



X 






Since we assume that Si 7^ for any i, then we can divide the latter equation by (1— a; ')(1 



X 



We get 



Q{x){l + x'' + ...+x 



k(si-l)\ 



P,(a;)(l + x" + ...+a;'(""^): 

Apply efc-i to this equation: 

(^k-i{Pi) ■ r = tk-i{Q) ■ Si. (5) 

Combining (4) and (5), we see that all lower (2x2)-minors of the matrix 11 are degenerate and 
so the matrix is degenerate. But it is impossible because 11 is the matrix of an automorphism 
of the group iJ'^^ . The contradiction obtained proves that all Si are zero, and we are done. 
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Now let us proceed from the case A = Z^ to a more general case. 

Lemma 5. Let A be a finitely generated Ahelian group. Then the subgroup A= @ Ai is 
characteristic in the group AlZ = (^ Ai) x Z. 

Proof We have Ai = [Z'')i © Ti_, where Tj is the torsion subgroup of A^. Write down 
elements of A as pairs (6, /), where b G 0(Z'^)j, and / e 0Ti. 

Show that the subgroup T = 0Tj is characteristic in AlZ. First we suppose that there 
exists g E T : (f){g) = 0((O, /), 0) = ((*, *), d), where d j^ 0. Let N be the maximal order 
of elements from T. Then, on the one hand, (t>{g^) = 0(e) = e, and, on the other hand, 
0(^^) = ((*,*),iVrf)^e, 

So, d = and 0((O,/),O) = ((6i,/i),0). Now the same reasoning proves that 6i = 0, as 
((6i,/i),or=((iV6i,iV/i),0). 

Thus, the subgroup T is characteristic and for any G Aut{A I Z) we have the following 
commutative diagram: 

> T — ^ AlZ -^-^ ZNZ > 



> T -— ^ AlZ -^^ ZNZ > 

Assume that the statement of the lemma is not valid. Then there exists an element g = 
{{b, /), 0) of the subgroup A, such that 0(^) ^ A. We have 0(c/) = 0((6, 0), O)-0((O, /), 0) ^ A; 
hence, 0((6, 0), 0) ^ A, because 0((O, /), 0) G T C ^ according to what was proved. 

The fact that 0((6, 0),0) ^ A, implies po0((6, 0),0) ^ ©(Z'')j, which is equivalent to 
0op((6, 0),0) ^ ©(Z'^)j. Thus, the subgroup 0(Z'^)j is not invariant with respect to the 
automorphism of the group rpynnbi Z^ I Z. But this contradicts the previous lemma, and 
we are done. 

Theorem 3.10 from [5] states that if in a group extension 

0^ H ^G ^ G/H -^ 

the subgroup H is characteristic and has the RP property, and G/H is a finitely generated 
group with finite conjugacy classes, then G possesses the RP property. 

Theorem 1. For an arbitrary finitely generated Abelian group A, the wreath product AlZ 
possesses the RP property. 

Proof. Show that the group extension Q ^> A ^> AlZ ^> Z -^ Q satisfies the conditions 
of the theorem presented above. 

The subgroup A is Abelian and, therefore, it possesses the RP-property ([5]). Further, 
we have proved that this subgroup is characteristic in the group AlZ. Ki last, the quotient 
[AlZ)/ A = Z has finite conjugacy classes (consisting of one element). The theorem is proved. 

The latter result is of particular interest because such groups gave the first known example 
of finitely generated RP groups being not almost polycyclic. 

Recall that a group G is said to be polycyclic, if there exists a sequence of subgroups (a 
polycyclic series) {e} = Gq < Gi < ■ ■ ■ < Gk = G, such that all Gt+i/Gt are cyclic. A group 
is said to be almost polycyclic, if it contains a polycyclic subgroup of finite index. 

Show that for an arbitrary finitely generated Abelian group A, the group AlZ, s not almost 
polycyclic. Indeed, the main theorem from [13] immediately implies that each characteristic 
subgroup of an almost polycyclic group is finitely generated. But we have proved that the 
subgroup A = 0jg2 Ai of the group AlZ -is characteristic and the fact that it is infinitely 
generated is evident. 
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